We show how the spatial phase of a focused laser beam may be used as a tool for controlling the branching ratio of a chemical reaction. Guoy discovered ͓Acad. Sci., Paris, C. R. 110, 1250 ͑1890͔͒ that when an electromagnetic wave passes through a focus its phase increases by . In a coherent control scheme involving the absorption of n photons of frequency m and m photons of frequency n , the overall phase shift produced by the Gouy phase is ͑n − m͒. At any given point in space, this phase shift is identical for all reaction products. Nevertheless, if the yields for different reaction channels have different intensity dependencies, the Gouy phase produces a net phase lag between the products that varies with the axial coordinate of the laser focus. We obtain here analytical and numerical values of this phase as the laser focus is scanned across the diameter of the molecular beam, taking into account the Rayleigh range and astigmatism of the laser beam and saturation of the transition. We also show that the modulation depth of the interference pattern may be increased by optimizing the relative intensities of the two fields.
I. INTRODUCTION
When a photon is absorbed by an atom or molecule, the phase of the radiation field is transferred to the wave function of the particle by means of the transition dipole operator. Because this phase is an empirically adjustable quantity, it provides the experimentalist with a tool for controlling the dynamics of the excited particle. Moreover, the response of the system to the phase of an external field produces an observable that reveals properties of the electronic structure of the atom or molecule that may be difficult to obtain by other means. 1 For single-photon excitation, the transition dipole matrix element is given by ͗e͉ · E͉g͘ = ͉ ge ͉Ee i , ͑1͒
where g and e refer to the ground and excited states, · E is the transition dipole operator, E is the amplitude of the electric field, and is the phase of the matrix element. Because the transition probability is proportional to the squared modulus of the matrix element, its value is independent of . In order to affect the transition rate, there must be at least two independent paths connecting ͉g͘ and ͉e͘. In such a case, interference between the paths causes the transition rate to vary sinusoidally with the relative phases of the paths, producing an oscillatory pattern analogous to that obtained in Young's two-slit experiment. This idea is at the heart of Brumer and Shapiro's theory of coherent phase control. 2 In the most common application of Brumer and Shapiro's theory, 3, 4 the two paths are produced by the absorption of n photons of frequency m and m photons of frequency n , such that n m = m n . In this scenario, the transition probability per unit time ͑i.e., the transition rate͒ is given by
where P m is the n-photon transition rate integrated over all scattering angles,
with an equivalent expression for P n , and the interference term is given by 2P mn = C ͵ ͗e͉D ͑m͒ ͉g͗͘g͉D ͑n͒ ͉e͘d 3 + c.c.
= 2Cd mn E n m E m n cos . ͑4͒
In Eqs. ͑3͒ and ͑4͒, D ͑j͒ are the j-photon transition dipole operators, d ij are factors of the matrix elements that are independent of the field strength, E j are the amplitudes of the fields, and C is a unit-bearing constant.
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The key quantity in Eq. ͑4͒ is the phase , which, as shown explicitly in the following section, has components that arise from E, ͉e͘, and D ͑j͒ . The contribution to from the field consists of a constant term that depends on the refractive index of the medium, an axial term proportional to the wave vector of the field, and the Gouy phase ͓Eq. ͑9͒ below͔. The last of these components, discovered by Gouy in 1890, 6 increases by as the field passes through a focus. We refer to the contribution of the Gouy phase to as the "spatial phase."
The molecular contribution to ͑also known as the "channel phase"͒ is a property of the excited state wave function. It arises from resonances embedded in the continuum and/or continuum-continuum coupling. Because the molecu- lar phase is channel specific, it is possible to control the product distribution by adjusting the value of the laser phase. This result, first predicted by Brumer and Shapiro, has been confirmed experimentally for many systems. [7] [8] [9] [10] [11] [12] The experimental "knobs" that have been used in coherent control experiments are the amplitudes of the fields and the constant term in the laser phase. The axial variation of the laser phase was observed by Chen and Elliott 13 in their measurement of the one-versus three-photon ionization of Hg atoms. Until recently, the spatial phase was not used to control product branching ratios, presumably because it contributes identical phase shifts to all product channels at any given point in space. Barge et al. 14 demonstrated, however, that the spatial phase could be used to control the yields of products formed at different total energies. Here we explain the origin of this effect and derive expressions for the phase lag produced by the spatial phase.
In the following section we obtain an analytical expression for an idealized case consisting of a circular Gaussian laser field, a rectangular molecular beam profile, and an unsaturated transition. In Secs. III and IV we consider the effects of astigmatism and saturation on the phase lag, and in Sec. V we examine the modulation depth of the interference pattern. The results are discussed and summarized in the final section. Figure 1 is a schematic energy level diagram of a molecule that dissociates by absorbing either three photons of frequency 1 or one photon of frequency 3 to yield neutral products ͑channel A͒. In addition, the molecule may absorb two more photons of frequency 1 to produce the parent ion ͑channel B͒. In our formalism we consider the more general case of the absorption of m photons of frequency n and n photons of frequency m to dissociate the molecule and the absorption of l additional photons of frequency 1 to ionize the molecule, where 1 is the fundamental frequency of the laser, j = j 1 ͑j = m or n͒, and n Ͼ m.
II. ANALYTICAL MODEL

5
To calculate the various terms in Eq. ͑2͒, it is necessary to integrate P over the spatial coordinates of the laser field. The electric field of a focused Gaussian laser beam in TEM 00 at cylindrical coordinates z and r is given by 15 E͑r,z͒ = E 0 w 0 w͑z͒
ͬͮ .
͑5͒
Here, W is the radius of the unfocused laser beam, w 0 = f / n 0 W is the radius of the field at the focal point ͑z =0͒ after being focused by a lens of focal length f, is the wavelength, and n 0 is the refractive index of the medium. The radius of the field at axial distance z from the focus is given by
where
is the Rayleigh range, and the notation
͑8͒
is introduced to simplify later expressions. Also in Eq. ͑5͒, k =2 / is the wave number, and
is the Gouy phase. The Gouy phase arises from the increased phase velocity along the curve defined by w͑z͒, as compared with the phase along the geometric path that passes through the focal point. 16 Knowing the electric field, we can express each of the terms in the transition rate ͓Eq. ͑2͔͒ as a function of r and z. Experimentally, frequency n is produced from the fundamental frequency 1 by harmonic generation in a suitable medium, with amplitude E n = aE 1 n , where E n is the amplitude of the nth harmonic and a is a laboratory-controlled parameter. This property leads to a number of simplifications. First, the power dependence of the field implies that the amplitude of the nth harmonic falls to 1 / e of its maximum value at r = n −1/2 w 0 . From Eq. ͑7͒ it follows that the Rayleigh ranges of all the harmonics are equal. 13 A further consequence of this result is that the radial factors of all the terms in the transition rate are equal. Another simplification arises from the choice of the parameter a. One convenient choice is to adjust the intensities of the fields such that the constant factors in P m and P n are equal; i.e.,
where E j0 is the amplitude of the field at z = 0 and r = 0. With these simplifications, the rate of formation of products in channel S is given by 
and the relative phase is given by
The first term in arises from 0 in Eq. ͑5͒. The second term vanishes so long as the momentum is conserved. The third term is the Gouy phase. Although this phase does not depend explicitly on the channel S, we shall see that its average over the axial coordinate has different values for products formed at different energies. The final term is the molecular phase for channel S. To simplify the notation we denote the constant part of by
The next step is to take the spatial average of P S ͑r , z͒. For simplicity, we denote the quantity in brackets in Eq. ͑11͒ by P S , and we will absorb all common constant factors into C. We assume that the laser beam is focused at a distance z m from the axis of the molecular beam. Integration over the radial coordinate gives
For the common case of n − m =2 ͑reported in Ref. 14͒,
Finally, the observed transition rate is obtained by averaging over the axial coordinate,
where B͑z͒ is the profile of the molecular beam or of the detection slit along the z axis.
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A simplifying assumption that allows us to obtain an analytical solution is that the molecular beam has a rectangular profile of width 2d. If the focal point of the laser beam is offset from the molecular beam axis by a distance z m ͑Fig. 2͒, the transition rate at z m is given by
where the definite integrals
have simple closed form expressions. From Eq. ͑18͒ we find that the spatial phase is given by
If product B is produced at energy ͑n m + l 1 ͒ប ͑e.g., the ionization channel of vinyl chloride, with l B =2, m = 1, and n =3͒ and product A is produced at energy n m ប ͑e.g., the dissociation channel of vinyl chloride, with l A =0͒, then the observed phase lag is given by
The spatial phase lag between channels with different l S arises from the property that higher order transitions require greater intensities and are therefore confined to a volume closer to the laser focus, as illustrated in Fig. 2 . A parameter that determines the magnitude of the spatial phase is the ratio of the molecular beam radius to the Rayleigh range, d / z R . If this parameter is small, the molecular beam lies entirely within the beam waist of the laser, reducing the sensitivity of 
III. ASTIGMATISM
In the previous section we assumed that the laser beam has a circular focus corresponding to a TEM 00 mode, a condition that is not generally satisfied. In a typical phase control experiment, the laser beam is focused onto the target by a pair of off-axis mirrors. This optical configuration introduces astigmatism into the beam that is characterized by a pair of mutually perpendicular elliptical foci centered at z 0x and z 0y ͑measured with respect to the molecular beam axis, see Fig. 4͒ , having focal radii x ͑z͒ and y ͑z͒ and Rayleigh ranges and z Rx and z Ry . The electric field in this case is given by 15 
E͑x,y,z͒
= E 0 ͩ w 0x w 0y w x ͑z͒w y ͑z͒ ͪ 1/2 e −i͑ 0 +kz͒ ϫexp ͭ − i x ͑z͒ − x 2 ͫ 1 w x ͑z͒ 2 + ik 2͑z − z 0x ͒Z x ͑z͒ ͬͮ ϫexp ͭ − i y ͑z͒ − y 2 ͫ 1 w y ͑z͒ 2 + ik 2͑z − z 0y ͒Z y ͑z͒ ͬͮ ,
͑23͒
and
We consider again the common case of n − m = 2. After first integrating over x and y analytically, the transition rate in the vicinity of the z 0y focus is given by tan ␦ sp lmn = S lmn C lmn . ͑30͒
A calculation was performed to illustrate the effects of astigmatism under typical laboratory conditions. The input parameters for these calculations are the distances between the mirrors, q 1 and q 2 , the focal lengths of the lens and mirrors, f L , f M1 , and f M2 , the radius of the unfocused laser beam, W, the wavelength of the laser, and the angle at which the laser is incident on the focusing mirror M2, called the folding angle ͑see Fig. 4͒ . The values of the laser beam parameters 0x , 0y , z 0x , and z 0y were computed in the xz and yz planes using the ABCD transformation method. 15 The only adjustable parameter in these calculations is . A value of = 0 corresponds to a single circular focus, whereas nonzero values of result in two elliptical foci separated by a distance z 0x − z 0y . Figure 5 shows the effect of astigmatism on the phase lag profile for different values of the photon number l, with m = 1 and n = 3. In the absence of astigmatism, the phase lag is insensitive to l, except near the edges of the molecular beam. Introducing a modest amount of astigmatism, however, separates the profiles for different l, providing an experimental method for determining the number of photons absorbed. ͑Here, z m is the distance of the y focal line from the axis of the molecular beam.͒ Figure 6 explores the effect of astigmatism on the phase lag profile as a function of the folding angle, with l =2, m = 1, and n = 3. When is small, the two foci perturb each other, producing a nonzero phase lag at z m = 0, which could be as large as −48°. For the more common experimental condition of large , the two foci are well separated and the phase lag at z m = 0 is close to zero.
IV. SATURATION
In the previous discussion we implicitly assumed that the laser pulse has a constant intensity of duration t, such that P S t Ӷ 1. More generally, for a unimolecular reaction A → S, the yield of product S at time t is given by Y S ͑t͒ = A 0 ͑1−e 
The spatially averaged yield may be evaluated by calculating the spatial average of the series term by term, giving
The value of ͗͗P S ͘͘ may be determined experimentally by measuring the intensity dependence of the yield. Empirically we observe a power law dependence of the yield,
Also, for an n-photon transition the rate constant varies as the nth power of the intensity I; i.e.,
where c is a constant. In general, if the transition is saturated, n obs ഛ n. Combining these relations gives, after a few manipulations,
which is plotted in Fig. 7 . Calculations were performed for the case of l S = 0 and 2, m = 1, and n = 3. For a circular, or nearly circular, focus, saturating the l S = 2 transition has the effect of reducing the phase lag and also distorting the sinusoidal modulation curve, whereas saturating the l S = 0 transition increases the phase lag. Both effects are intuitively expected. Somewhat surprisingly, astigmatism greatly reduces these effects.
V. MODULATION DEPTH
In the discussion so far, we have considered the effects of the spatial profile of the laser beam on the phase lag between different channels. Another observable of interest is the modulation depth of the interference pattern. From Eq. ͑27͒ we find that the modulation depth is given by
The magnitude of M depends on the relative intensities of the two fields. In deriving Eq. ͑36͒ we arbitrarily chose the field intensities such that P m S = P n S at z =0 ͓see Eq. ͑10͔͒. In practice, however, the experimentalist does not usually measure the product yields at any particular point in space. Rather, the intensity of the n-photon field is adjusted until the modulation depth of the spatially averaged signal is maximized. We describe this procedure quantitatively by multiplying the right hand side of Eq. ͑10͒ by a factor 2 , so that the modulation depth becomes
The modulation depth is maximized by setting dM / d =0, giving
The effect of this maximization procedure is to increase M by a factor
We show in Fig. 8͑a͒ the effect of the Rayleigh range on M max for both reaction channels under typical experimental conditions. Because M is maximized at only one point along the laser axis, averaging over the axial coordinate reduces the modulation depth, and this effect is accentuated as the Rayleigh range becomes much shorter than the target width. 19 In practice, the laser intensities are optimized for only one of the product channels, so that M for the other channel is smaller than its maximum possible value. This effect is displayed by the dashed curves in Fig. 8 , where M for l = 2 was calculated using the value of determined for the l = 0 channel. In Fig. 8͑b͒ we plot the variation in the modulation depth as the laser focus is scanned across the molecular beam. We find that M max is fairly uniform across the beam, except near the edges where the spatially averaged one-and three-photon yields fall off more rapidly than the interference term.
VI. DISCUSSION AND CONCLUSIONS
When a focused laser beam induces an electronic transition, the phase of the electric field is transferred to the material target. In a typical coherent control experiment, population is transferred to an excited state by absorption of n photons of frequency m and m photons of frequency n . The Gouy or spatial phase accumulated for this transition at any point in space is n − m times the Gouy phase for the absorption of a single photon at that point. If different reaction products evolve from the excited state without the absorption of additional photons, the spatial phase has no effect on their branching ratio. If, however, a particular reaction channel requires the absorption of additional photons following the control step, the spatial phase makes a greater contribution to that channel, resulting in a phase lag between the higher and lower energy products, which varies with the axial position of the laser focus. This contribution to the phase lag may be observed by translating the focal point of the laser in a direction normal to the axis of the molecular beam.
For the ideal case of a circular TEM 00 mode of the laser, a rectangular profile of the molecular beam, and an unsaturated transition, the spatial phase lag is given by a simple closed form expression. In practice, one must take into account the effects of astigmatism, which produces two elliptical foci separated in space, as well as the nonuniform molecular beam profile and saturation of some of the transitions. These effects are readily accounted for numerically. Astigmatism distorts the shape of the phase lag profile ⌬␦ sp ͑z m ͒ and accentuates the variation between different energy products. For a circular focus, the spatial phase lag is antisymmetric with respect to axial displacement z m , such that ⌬␦ sp ͑z m =0͒. The presence of a second focus breaks this symmetry, and, if the foci are very close to each other, the phase lag at z m = 0 may be sizable.
Care must taken to account for the spatial phase lag when interpreting the phase lag spectrum and not to misinterpret it as part of the channel phase. The spatial phase lag provides a new experimental knob for controlling the branching ratio, which may be useful when the intrinsic molecular phases are close in value. Another useful property of the spatial phase lag is that it yields mechanistic information by providing a direct readout of the energy difference between different channels. These effects have been seen for the photodissociation and photoionization of vinyl chloride, 14 and other molecules are currently being investigated.
Because the n-photon product yield falls off more rapidly with z m than the m-photon yield for n Ͼ m, the spatially averaged modulation depth decreases as the ratio of the molecular beam diameter to the Rayleigh range increases. This effect may be mitigated by optimizing the relative intensities of the two fields. The reduction in modulation with decreasing Rayleigh range explains why modulation depths greater than ϳ50% are never observed, even for bound-to-bound transitions with D =1. 
